Abstract: An S -type upper bound for the largest singular value of a nonnegative rectangular tensor is given by breaking N D f1; 2;
Introduction
Let R.C/ be the real (complex) field, p; q; m; n be positive integers, m; n 2, N D f1; 2;
; ng, and R n C be the cone fx D .x 1 ; x 2 ; ; x n / T 2 R n W x i 0; i 2 N g. A real .p; q/-th order m n dimensional rectangular tensor, or simply a real rectangular tensor A is defined as follows: then is called the singular value of A, and .x; y/ is the left and right eigenvectors pair of A, associated with , respectively. If 2 R; x 2 R m ; and y 2 R n , then we say that is an H-singular value of A, and .x; y/ is the left and right H-eigenvectors pair associated with , respectively. If a singular value is not an H-singular value, we call it an N-singular value of A. If p D q D 1, then this is just the usual definition of singular values for a rectangular matrix [1] . We call 0 D maxfj j W is a singular value of Ag is the largest singular value [2] . Note here that the notion of singular values for tensors was first proposed by Lim in [3] . When l is even, the definition in [1] is the same as in [3] . When l is odd, the definition in [1] is slightly different from that in [3] , but parallel to the definition of eigenvalues of square matrices [4] ; see [1] for details. For the sake of simplicity, the definition of singular values in this paper is the definition in [1] .
We recall the weak Perron-Frobenius theorem for nonnegative rectangular tensors, which was given in [2] .
. Let A be a .p; q/-th order m n dimensional nonnegative tensor. Then 0 is the largest singular value with nonnegative left and right eigenvectors pair .
The largest singular value of a nonnegative rectangular tensor has a wide range of practical applications in the strong ellipticity condition problem in solid mechanics [5, 6] and the entanglement problem in quantum physics [7, 8] . Recently, there are many results about the properties of square tensors, especially the upper bounds for the Z-spectral radius and H-spectral radius of a nonnegative square tensor [9] [10] [11] [12] [13] . However, there are no results about the upper bounds for the largest singular value of a nonnegative rectangular tensor except the following one [2] . Throughout this paper, we assume m D n. Our goal in this paper is to give a new upper bound for the largest singular value of a nonnegative rectangular tensor, and prove that the new upper bound is smaller than that in Theorem 1.2.
Main results
We begin with some notation. Given a nonempty proper subset S of N , we denote
This implies that for a nonnegative rectangular tensor A D .a i 1 i p j 1 j q /; we have that for i; j 2 S, where By Theorem 1.2, the following lemma is easily obtained.
Lemma 2.1. Let A be a .p; q/-th order n n dimensional nonnegative rectangular tensor. Then
Theorem 2.2. Let A be a .p; q/-th order n n dimensional nonnegative rectangular tensor, S be a nonempty proper subset of N , S be the complement of S in N . Then
where
Proof. Let 0 be the largest singular value of A. According to Theorem 1.1, there exist two nonzero nonnegative vectors x D .x 1 ; x 2 ; ; x n / T and y D .y 1 ; y 2 ; ; y n / T such that
Then, at least one of x t and x h is nonzero, and at least of y f and y g is nonzero. Next, we present four cases to prove that. 
Hence,
If 
From Lemma 2.1, we have 0 a t t t t 0. Multiplying (3) with (4), we have
Solving (5) gives
(ii) If x t x h , then x t D maxfw i W i 2 N g. Similarly to the proof of (i), we can obtain that
. 0 a h hh h /. 0 a t t t t r 
Similarly to the proof of (ii) in Case I, we have
This gives
Case III: Suppose that w S D x t ; w S D y g , then x t y t ; y g x g . If y g x t , then y g D maxfw i W i 2 N g. Similarly to the proof of (i) in Case I, we have 
Similarly to the proof of (ii) in Case I, we can obtain that
Similarly to the proof of (i) in Case I, we have
The conclusion follows from Case I, II, III and IV.
Next, we compare the upper bound in Theorem 2.2 with that in Theorem 1.2.
Theorem 2.3. Let A be a .p; q/-th order n n dimensional nonnegative rectangular tensor, S be a nonempty proper subset of N , S be the complement of S in N . Then
Proof.
Here, we only prove U Similarly to the proof of (i), we can obtain
Hence, Similarly to the proof of (i), we can obtain a i i i i C a j jj j C r Similarly to the proof of (ii), we can obtain a i i i i C a j jj j C r The conclusion follows from Cases I and II.
